TIGHT HOMOMORPHISMS 
AND HERMITIAN SYMMETRIC SPACES 



MARC BURGER, ALESSANDRA lOZZI, AND ANNA WIENHARD 

Abstract. We introduce the notion of tight homomorphism into a locally 
compact group with nonvanishing bounded cohomology and study these ho- 
momorphisms in detail when the target is a Lie group of Hermitian type. Tight 
homomorphisms between Lie groups of Hermitian type give rise to tight to- 
tally geodesic maps of Hermitian symmetric spaces. We show that tight maps 
behave in a functorial way with respect to the Shilov boundary and use this 
to prove a general structure theorem for tight homomorphisms. Furthermore 
we classify all tight embeddings of the Poincare disk. 
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1. Introduction 

Let L, G be locally compact second countable topological groups. A continu- 
ous homomorphism p : L G induces canonical puUback maps p* in continuous 
cohomology and pj^ continuous bounded cohomology. A special feature of con- 
tinuous bounded cohomology is that it comes equipped with a canonical seminorm 
II ■ II with respect to which p^ is norm decreasing, that is 

||Pb(a)|| < ll"ll for all a G H'b(G,M) . 

Given a class a G }i'^{G, M) we say that a homomorphism p : L — G is a-tight 
if the pullback preserves the norm of a, that is ||Pb(tt)|| = ||ct||- 

For the main part of the article we specialize to the situation when the target 
group G is of Hermitian type, i.e. G is a connected semisimple Lie group with 
finite center and without compact factors such that its associated symmetric 
space X is Hermitian symmetric. Let J be the G-invariant complex structure 
on X] combining it with the unique G-invariant Riemannian metric of minimal 
holomorphic sectional curvature —1, gives rise to the Kahler form ujg ^ fi^(A')*^. 
We denote by G Uly^^G, M) the bounded continuous cohomology class obtained 
in the familiar way (see § 12.31) by integration of ujg over triangles with geodesic 
sides. 

Definition 1. Let L be a locally compact second countable topological group 
and G a group of Hermitian type. A continuous homomorphism p : L —>■ G is 
said to be tight if ||Pb('tG')|| — II'^gII- 

It is implicit in the definition of a tight homomorphism that it depends on 
the G-invariant complex structure J which is part of the data of the Hermitian 
symmetric space X. 

Fundamental Example. Let F < SU(n, 1) =: G be a cocompact lattice and 
M := F\G the corresponding compact hyperbolic manifold. The (ordinary) 
Kahler class p*{k,g) of a representation p : F G, seen as a de Rham class on 
M, can be paired with the Kahler form um on M to give a characteristic number 

. ._ (p*(^g),^m) 

\LOM-i ^m) 
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which satisfies a Milnor-Wood inequahty [3] 

\ip\ < ■ 

Representations such that ip = are called maxima^. Maximal representations 
are tight [31 Lemma 5.3], and in fact, they are the most important examples of 
suchjj 

The study of the structure of tight homomorphisms is paramount in the classi- 
fication of maximal representations of compact surface groups [H HI [5] . It should 
be remarked however that the scope of the notion goes well beyond this, as for 
example every surjection of a finitely generated group onto a lattice in G is tight 
(see Corollary IA.4p . In particular we have: 

Proposition 2. Let Mod^ be the mapping class group of a closed surface of 
genus g > 1. Then the natural homoniorphisni Mod^ Sp(2g,M.) is tight. 

One of the main points of this paper is the following structure theorem for 
tight homomorphisms. 

Theorem 3. Let L be a locally compact second countable group, G a connected 
algebraic group defined over M such that G := G(M)° is of Hermitian type. 
Suppose that p : L ^ G is a continuous tight homomorphism. Then: 

(1) The Zariski closure H := p{L) is reductive. 

(2) The centralizer Zg{H) of H := p(L)^(M)° is compact. 

(3) The symmetric space y corresponding to H is Hermitian and y admits a 
unique H-invariant complex structure such that the inclusion H ^ G is 
tight and positive. 

To explain the notion of a positive homomorphism, let us recall that the com- 
plex structure J defines a cone H^(G, of positive Kdhler classes and, via the 
isomorphism 

H,\(G,M)^H2(G,M), 

a cone of bounded positive Kdhler classes containing in particular k}q. A contin- 
uous homomorphism p : Gi — > G2 between two groups of Hermitian type is said 
to be positive if pIk%^ G H2j,(Gi, M)^o. 

As an immediate application of Theorem [3], we have: 



A modification of tlie above construction leads to tlie definition of an analogous invariant 
even in the case of nonuniform lattices, [21 § 5]. 

^For surface groups one can easily construct tight homomorphisms which are not maximal out 
of a maximal representation of the fundamental group of a lower genus surface. Note however, 
that there are tight homomorphism of surface groups which are far from being maximal, [T]. 
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Corollary 4. Let G a connected algebraic group defined over M such that 
G := G(R)° is of Hermitian type and let p : T —>■ G be a maximal representation 
of a lattice T < SU(n, 1). TheiB: 

(1) The Zariski closure H := p(r) is reductive. 

(2) The centralizer Zg{H) of H := p(r)^(R)° is compact. 

(3) Tiie symmetric space y corresponding to H is Hermitian and y admits a 
unique H-invariant complex structure such that the inclusion H ^ G is 
tight and positive. 

Our study of tight homomorphisms relies on the study of a parallel notion of 
tightness for totally geodesic maps of symmetric spaces. Namely, let X^^X^ be 
Hermitian symmetric spaces of noncompact type. 

Definition 5. A totally geodesic map / : ^ A:'2 is said to be tight if 



where the supremum is taken over all smooth oriented triangles A with geodesic 
sides in Xx and ^"2, respectively. 

A first immediate fact is the following: 

Proposition 6. Let Gx, G2 be Lie groups of Hermitian type and let Xi, X2 be 
the corresponding symmetric spaces. A homomorphism p : Gi ^ G2 is tight if 
and only if the corresponding totally geodesic map f : Xi ^ X2 is tight. 

Tight embeddings behave nicely at infinity. Recall that the Shilov boundary 
of the Hermitian symmetric space X is the unique closed G-orbit in the 
(topological) compactification of the bounded symmetric domain realization V 
of X, and can be identified with G/Q, where Q < G is an appropriate parabolic 
subgroup. Two points x, y in Sx are said to be transverse if (x, y) is in the unique 
open G-orbit in Sx >^ Sx- 

Theorem 7. Let Gi,G2 be Lie groups of Hermitian type and Si, S2 the Shilov 
boundaries of the associated symmetric spaces. Let p : Gi —>■ G2 be a continuous 
tight homomorphism and j : X\ ^ X2 the corresponding totally geodesic tight 
map. Then there exists a p-equivariant continuous map f '■ Si S2 which 
extends f and which maps transverse pairs to transverse pairs. 

Using this theorem we can establish a general existence result for boundary 
maps. Let F be a countable discrete group and {B,^) a Poisson boundary for 
r. Recall that under these conditions, the amenability of the F-action on {B, v) 
insures the existence of a p-equivariant measurable map from B to the space of 

^In the case in which T is the fundamental group of an oriented compact surface possibly with 
boundary, one can reach much stronger conclusions, as for example faithfulness and discreteness 



(1.1) 




of 011 [5]. 



TIGHT HOMOMORPHISMS AND HERMITIAN SYMMETRIC SPACES 5 

probability measures on G/ P, where P is a minimal parabolic in G. Under some 
conditions, such as for instance Zariski density of the image of the representation 
p, one can deduce the existence of such a map with values in G/P (see [21 [7j). 
For tight homomorphisms we have the general existence result: 

Theorem 8. Let G be a semisimple algebraic group defined over R sucli that 
G := G(]R) is of Hermitian type and let p : T G be a tight honioniorphisni. 
Then there exists a p-equivariant measurable boundary map (f : B ^ Sx- 

Recall that Hermitian symmetric spaces fall into two classes, according to 
whether or not they admit a genuine generalization analogous to the upper half 
plane model of the Poincare disk. Namely, a Hermitian symmetric space is of 
tube type if it is biholomorphically equivalent to a domain V (B where fl (Z V 
is a proper open cone in the real vector space V. For any Hermitian symmetric 
space X maximal sub domains of tube type exist, they are of the same rank as 
X, holomorphically embedded and pairwise conjugate. 

Theorem 9. Let p : Gi ^ G2 be a tight homomorphism and f : Xi ^ X2 the 
corresponding tight map. Then: 

(1) If Xi is of tube type, then there exists a unique maximal subdomain of 
tube type T G X2 such that f{Xi) C T. Moreover p{Gi) preserves T. 

(2) Ifkeip is finite and X2 is of tube type, then Xi is of tube type. 

Our main tool to study tight embeddings and tight homomorphisms are diag- 
onal disks. Recall that a maximal polydisk in X is the image of a holomorphic 
and totally geodesic embedding t : X. Maximal polydisks arise as com- 

plexifications of maximal flats in X and are conjugate. It is easy to check that 
maximal polydisks are tightly embedded. A diagonal disk in X is the image of 
the diagonal A(D) C W-^ under the embedding t : — > X. Diagonal disks are 
precisely tight and holomorphically embedded disks in X. 

Using diagonal disks we can give a simple criterion for tightness of a totally 
geodesic embedding f : Xi ^ X2 in terms of the corresponding homomorphism of 
Lie algebras (see Lemma [HTT]) . We apply this criterion to classify tight embeddings 
of the Poincare disk and obtain: 

Theorem 10. Suppose that X is a Hermitian symmetric space and f : 3 ^ X 
is a tight embedding. Then the smallest Hermitian symmetric subspace y G X 
containing /(©) is a product y = H^Lj^J^j of Hermitian symmetric subspaces yt 
of X, where 3^^ is the Hermitian symmetric space associated to the symplectic 
group Sp(2nj,M). Moreover, Yli=i^i — and the embedding /: D ^ is 
equivariant with respect to the irreducible representation SL(2,]R) — > Sp(2nj,M). 

Tight embeddings are never totally real but they are also not necessarily holo- 
morphic. The irreducible representations SL(2, R) Sp(2n, M) provide examples 
of non-holomorphic tight embeddings of the Poincare disk when n>2. 
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We are not aware of an example of a non-holomorphic tight embedding of an 
irreducible Hermitian symmetric space of rank r^f > 2. It might be that all tight 
homomorphisms of higher rank Hermitian symmetric spaces are holomorphic. 

We suspect that tight embeddings of Hermitian symmetric spaces that are not 
of tube type are always holomorphic. For tight embeddings of CH" into classical 
Hermitian symmetric spaces of rank 2 this can be deduced from |17] . 

Acknowledgments: We thank Domingo Toledo for useful discussions about tight 
embeddings of complex hyperbolic spaces. 

2. Tight Homomorphisms 

2.1. Continuous Bounded Cohomology. In this section we recall some prop- 
erties of bounded continuous cohomology which are used in the sequel. For proofs 
and a comprehensive account of continuous bounded cohomology the reader is 
referred to [19l [9] . 

If G is a locally compact second countable group, then 

Cb(G'=+\M) := {/ : ^ M : / is continuous and ||/||oo < oo} 

is a G-module via the action 

{hf){9o, ■ ■ ■ , 9k) = f{h-^go,---,h-^gk). 

The continuous bounded cohomology ]il^{G,M.) of G with coefficients in R is 
the cohomology of the complex of G-invariants 

Cb(G, Rf — C^iC, Rf — ■ • • 

where d is the usual homogeneous coboundary operator defined for / G Cb(G'^, R) 
by 

k 

dfigo, ...gk) := ^ /(s-o, . . . , ^i, . . . ,gk)- 

i=0 

The supremum norm gives Cb(G*^^, R)'^ the structure of a Banach space and 
induces a canonical seminorm || • || on H*,,(G, M) 

= inf ll/lloo- 

[/]=" 

The inclusion of complexes Cb(G'+\M) C C{G'+\R), where C(G"+\R) de- 
notes the space of continuous real valued functions, induces a natural comparison 
map 

(2.1) CG:H-b(G,M)^H-(G,M) 
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from continuous bounded cohomology to continuous cohomology. Moreover, any 
continuous homomorphism p : L ^ G oi locally compact groups induces canon- 
ical pullbacks both in continuous cohomology and in continuous bounded coho- 
mology, such that the diagram 



H*(G', . 



H-b(L,R) 



Cl 



commutes. In particular, if L < G is a closed subgroup, the pullback given by 
the inclusion is the restriction map. 

Proposition 2.1. (1) Let L be a locally compact second countable group 
and Lq < L a closed subgroup. If Lq is of finite index in L, then the 
restriction map 



Hcb(-^o,- 



is an isometric isomorphisn^, [9], Proposition 2.4.2]. 
(2) If R < G is a closed amenable normal subgroup, the canonical projection 
p : G ^ G/R induces an isometric isomorphism via the pullback 



in continuous bounded cohomology, [191 Corollary 8.5.2]. 

(3) The seminorm \\ ■ || on }ll^{G,M.) is a norm which turns it into a Banach 
space, [21 Theorem 2]. 

(4) If G = Gi X ■ ■ ■ X Gn is a direct product of locally compact second countable 
groups, then the map 



(2.2) 



Rl{G,R) ^l[Rl{G,,: 

i=l 



The statement is true more generally if there exists an L- invariant mean on L/ Lq, but we 
shall not need this here. 
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into the Cartesian product of the continuous bounded cohomology of the 
factors, is an isometric isoniorphisn^, [S, Corollary 4.4.1.], that is 

n 

(2-3) li'^ii = 5Z II'^igJI • 

1=1 

Remark 2.2. The fact that the isomorphism H2j,(G,R) = U7=i^lhiGi,^) is 
isometric is not stated as such in [9], but it follows from the proof. Moreover an 
explicit inverse to the map B.l^{G, M) nr=i ^Ihi^i, K) in (ES} is given by 

n 

1=1 

n 

1=1 

where pi : G ^ Gi is the projection onto the i-th factor. 

We record the following fact as a consequence of Proposition 12.11 

Corollary 2.3. Let L = H ■ R, where L is a locally compact second countable 
group, H and R are closed subgroups of L. We assume that R is amenable and 
normal in L. Then the restriction map 

H:b(L,M)^H-b(if,R) 

is an isometric isomorphism. 

Proof. We have the following commutative diagram 

L ^-^L/R 

i I 

H ^H/HnR, 

p\h 

where i is the topological isomorphism induced by i; according to Proposi- 
tion 12.1( 2). as well as {pIh)^ induce isometric isomorphisms. This 
implies the assertion about z^. □ 

^By a slight abuse of notation, wc indicate by kIg; the puUback of k e H^j^(G, M) by the 
honiomorphism 

^ G = Gi X ■ • • X G„ 
9i' — > (e, ■ • ■ ,5i: ■ • ■ ,e) . 
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2.2. General Facts about a-Tight Homomorphisms. The pullback is 
seminorm decreasing with respect to the canonical seminorm in continuous bounded 
cohomology, that is ||pb(a)|| < ||«|| for all G N and all a G H^tj(G, M). So, it is 
natural to give the following 

Definition 2.4. Let L, G be locally compact second countable topological groups 
and a G H*jj(G, R) a continuous bounded cohomology class. A continuous homo- 
morphism p : L — > G is said to be a-tight, if = llo^ll- 

Lemma 2.5. Let L,G,H be locally compact second countable groups. Suppose 
that p : L H , ip : H ^ G are continuous homomorphisms. Let a G H*j^(G, M). 
Then ip is a-tight and p is ip^{a)-tight if and only ifipop is a-tight. 

Proof. The statement follows immediately from the chain of inequalities 

||(V'op);a|| = ||p*^*a||<||^*a||<||a||. 

□ 

The following properties of tight homomorphisms are straightforward conse- 
quences of the properties of continuous bounded cohomology summarized in 
Proposition 12. 1[ 

Lemma 2.6. Let L, G be locally compact second countable topological groups, 
a G }1*^{G, M) and p : L ^ G an a-tight homomorphism. 

(1) Let H < G be a closed subgroup. If the image p{L) is contained in H 
then p is a\jj-tight and ||a|^|| = ||a|| 

(2) Let Lq < L be a closed subgroup of finite inde:^ in L. Then is a-tight 
and 

||(Pko)b"ll = llPb"!! = • 

(3) Let R <\ G be a closed amenable normal subgroup, p : G ^ G/R the 
canonical projection. Then the homomorphism p o p : L ^ G/R is tight 
with respect to the class ^ ^Ihi'^/^^^)- 

(4) Let a G H2j^(G,M) and if G := d x let pi : G ^ Gi be the 
projection onto the i-th factor, i = 1, . . . ,n. Then pi = pi o p : L ^ Gi is 
a\^_ -tight for all i. 

Proof. (1) Since p{L) is contained in H we have that p^a = pl{a\jj). If p is 
a-tight, then 

ll"ll = IIPb"ll = IIPb("iH)ll < • 

Since if < G is a subgroup we have that ||q;|^|| < ||a;|| and the claim follows. 



'See the footnote in Proposition 1 2 . 1 f 1 ) . 
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(2) Since {p\i^^^)la is the restriction to Lq of the class {p^a) G H*|_,(L, M), by 
Proposition 12.1( 1) and tightness of p we have that 

ll(P|Lo)b"ll = IIPb"ll = ll"ll • 

(3) The facts that is an isometric isomorphism (Proposition 12. 1( 2)) and that 
p is a-tight give rise to the following chain of equalities 

ll(pop)b(K)"^"ll = IIPb«ll = = • 

(4) By Proposition 12.1( 1) and Remark 12.21 we have that 

n 

« = 5Zfe)b(«|Gj • 
i=l 

Then 

n 
1=1 

SO that, by (12.31) and a-tightness of p, we have 

n n n 

i=l i=l i=l 

The assertion now follows since 

||fe)b(«|Gj|| < MgM- 

□ 

2.3. Groups of Type (RH). Let G be a connected reductive Lie groups with 
compact center. Then G = Gc ■ Gnc, where Gc is the largest compact connected 
normal subgroup of G and Gnc is the product of all connected noncompact almost 
simple factors of G. Then Gnc has finite center and Gc H Gnc is finite. 

Definition 2.7. (1) A Lie group G is of Hermitian type if it is connected 
semisimple with finite center and no compact factors and its associated 
symmetric space is Hermitian. 
(2) A group G is of type (RH) (reductive Hermitian) if it is a connected 
reductive Lie group with compact center such that Gnc is of Hermitian 
type. 

If G is a group of type (RH) and X is the symmetric space associated to Gnc 
we have a homomorphism 

(2.4) q : G ^Gx 

into Gx '■= Isom(A')°, which is surjective with compact kernel so that G acts 
properly on X. 

Let J7 be the G- invariant complex structure on X and gx the G-invariant 
Riemannian metric on X, normalized so that the minimal holomorphic sectional 
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curvature on every irreducible factor equals —1. We denote by uix G VL^{X)'^ the 
G-invariant two-form 

uJx{X,Y) ■■=gx{X,JY) 

which is called the Kdhler form of X. 

Choosing a base point Xq E X any G-invariant two-form u G gives rise 

to a continuous cocycle 

c^:GxGxG — ^ R 

(2.5) . ^ ^ f 

\9o, 91,92) ^' 

where A{gQXo, giXo, g2Xo) denotes a smooth oriented triangle with geodesic sides 
and vertices 9oXo, QiXq, g2Xo. Let = [c^^] G H^((j',R) denote the corresponding 
continuous cohomology class; then the maps u ^ k^j implement the Van Est 
isomorphism 

n^{Xf ^ H^(G,R) . 

It is well known that if M is a connected simple Lie group with finite center, 
then 

dimH^(M,R) = or 1; 

in fact, the dimension is nonzero (hence 1) if and only if the associated sym- 
metric space Ai carries a M-invariant complex structure and hence is Hermitian 
symmetric. Then f2^(7Vl)*^ = M.ujm, and with the above notations and normal- 
izations we have: 

Theorem 2.8. [TTl [TO] If Ai is an irreducible Hermitian symmetric space we 
have that 

_ "^M 
— , 

where tm denotes the rank of M. . 

In particular c^^ defines a bounded class k\j G II^j^(M, R) which corresponds 
to G H^(M, R) under the comparison map in fl2.ll) . and it was shown in [S] 
that the comparison map 

(2.6) Ca/:H2j,(M,R)^H^(M,R) 

is an isomorphism in degree two. The following result for the canonical norm in 
continuous bounded cohomology could also in principle be deduced from pT| [TO]. 

Theorem 2.9. With the above notations and if At is irreducible, then 

II h II T'M 



1 




1 f 


2^ 


sup / UJm 


= — sup / 

27r AcM J A 


AgM J a 
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Strictly speaking the concept of bounded continuous classes and their norms 
does not occur in [TTl ITU]; what the authors show is that for a specific - and 
hence any - cocompact torsionfree lattice F < M, the singular bounded class 
in H^(r\7Vl) defined by integration of the Kahler form on straight simplices has 
Gromov norm tctm- Using this and the isometric isomorphism between bounded 
singular cohomology of r\A^ and bounded (group) cohomology of F, one could 
deduce the above theorem. We shall however give in the Appendix a direct proof 
which in particular avoids the construction of lattices with specific properties in 
M. 

Let now G be a group of type (RH), X = Xi x ■ ■ ■ x Xn 9. decomposition into 
irreducible factors, and ujx,i '■= Pii^x,), where pi : X ^ Xi is the projection onto 
the i-th factor. Then 

(2.7) {ux^i e n^iXf"" : l<i<n} 

gives a basis of Q'^{X)'-'-^ and, in view of the Van Est isomorphism p2], 

(2.8) [np,^, := k^^^^ E RUG^, M) : 1 < ^ < n} 

gives a basis of H^(Ga',IR). Moreover, since it is the group Gx which acts effec- 
tively on X, it is obvious that Q'^{X)^ = Q'^{X)'-'^, and hence the cohomology 
class defined by the cocycle c^ in (12.51) can be thought of as a cohomology class 
in H^(G,M). Hence the map q in (12.41) defines an isomorphism 

(2.9) q*:Rl{Gx,m^ill{G,R) 
and we denote by 

(2.10) {kg,^ := q*iK^^,) G H2(G,M) : 1 < t < n} 

the corresponding basis of H^(G, M). 

li TTi : Gx ^ Gxi denotes the projection onto the i-th factor, then we have 
that the analogous map to (12.91) in bounded cohomology 

(2.11) ql:}ll{Gx,m^iil{G,m 
and 

n 

l[}ll{Gx^,R) ^}ll{Gx,m 

(2.12) 



i=l 



are now isometric isomorphisms: for (12.1 ip this follows from Proposition 12.1( 2) 
and the fact that kerg is compact, and for (I2.12p it follows already from Re- 
mark O 
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Let ■ be the bounded class of Gx defined by c^^ - = c^^ op^; then it follows 
from the isomorphisms in (12. 6p and fl2.12p that 

(2.13) {4,eH^,(G;,,M): l<t<n] 
gives a basis of }ll^{Gx, and, analogously to before, 

(2.14) {4, := g^(4,) G RUG, R) : 1 < t < n} 

a basis of H2JG,M). 

Thus if cij = Y2^=i ^i^x,i is any element in VL^[X)'~' written in the above basis 
(I22D, then 



4 — -^j^.j 



i=l 



is the bounded class in H^j^(G', M) defined by = J2^=i ■^i'^i^x i correspond- 
ing to u under the isomorphism lll^{G,M). Moreover applying the 
isometric isomorphism in (I2.12p and Theorem 12.91 we have that 



(2.15) 

and in particular 
(2.16) 



i=l 



i=l 



2 



With the same notations we have: 
Proposition 2.10. For any Hermitian symmetric space X we have that 

n 
i=l 

where A C A" runs through all smooth triangles with geodesic sides in X . 

Proof. We assume here Theorem 12.81 and we focus on the nonirreducible case. If 
^ = Z]r=i then 



1 






1 




2^ 


sup 




~ 2^ 


sup / 




J A 


AcX J A 



i=l 



1=1 



p. (A) 



SO that 
1 

2^ 



1 

2^ 



E^. 

i=l 



^X, 



< 



1 " 

27r^' 



^X, 



P.(A) 



i=l 



where we used Theorem 12.81 in the last inequality. For the opposite inequality, 
let e > and Aj C Xi be smooth triangles with geodesic sides such that 
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More precisely let : /\ ^ Xi be a parametrization of Aj with geodesic sides, 
and (T~ be the parametrization of Aj with the opposite orientation. Then let 
be the image of the map 

a : A — > X 
where 77^ = sign(Aj). Then 



^X,i = / ^Xi 



X 



and 

A, " = ^ L = ^ A. ^ M 5: i^-i ) - ' E i^-i ■ 

Since this holds for any e > the proof is complete. □ 

Definition 2.11. Let L be a locally compact second countable topological group 
and G a group of type (RH). A continuous homomorphism p : L ^ G is said to 
be tight, if p is «;g.-tight, that is if 

llp*(4)ll = 11411- 

Proposition 2.12. Let H, G be Lie groups of type (RH), X the symmetric space 
associated to G and y = yi x ■ ■ ■ x y„ the symmetric space associated to H, 
where the 's are irreducible. Let p : H ^ G be a homomorphism and assume 
that p*{ti%) = Xir=i ^i'^H,i Then p is tight if and only if Xx = ZliLi 1-^*1 ^y^■ 

Proof. We have by fl27[5|l 

n 

l|p*(4)ll = E 1^^1114.11 



i=l 



and since \\kq\\ = ^ (by (12.161) ) and = ^ (by Theorem [23]), the assertion 

follows immediately. □ 

2.4. Tight Maps. Let now f : Xi ^ X2he a. totally geodesic map, where Xi, X2 
are Hermitian symmetric spaces of noncompact type.. Recall that this means that 
given any geodesic c : M. ^ Xi, the path / o c : M — is a geodesic, possibly 
not parametrized by arclength; in fact, foe might be the constant map. At any 
rate, for every triangle Ai C Xi with geodesic sides, /(Ai) C X2 is so as well, 
and hence 

(2.17) sup / f*iujx^) < sup / ujx2 

where the supremum in each side is taken over all triangles with geodesic sides. 
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Definition 2.13. (1) A totally geodesic map f : Xi ^ X2 is tight if equality 
holds in flZT7|) . 

(2) We say that a subsymmetric space 3^ C ^"2 is tightly embedded if the 
inclusion map is tight. 

Proposition 2.14. Let f : Xi ^ X2 he a totally geodesic map and y C f{Xi) 
a subsymmetric space. 

(1) The map f is tight if and only if the subsymmetric space f{Xi) is tightly 
embedded in X2. 

(2) Ify is tightly embedded in X2, then f is tight. 

Proof. For the first assertion it suffices to observe that every triangle in f{Xi) 
with geodesic sides is the image of a triangle in Xi with geodesic sides. This 
implies that 

sup / riujx^ 

AicXi Jai 



sup / UJX2 



which shows the first assertion. 

The second assertion follows immediately from the above and the inequalities 



sup / UJX2 < sup / UJX2 < sup / UJX2 ■ 
AcyJA AiCf{Xi)JAi AaCA'aJAa 



□ 



Given a homomorphism p : Gi ^ G2 of Lie groups of type (RH), let Xi G Xi 
be a base point, Ki = StabG^(a;i) the corresponding maximal compact subgroup 
and X2 G a point such that p{Ki){x2) = X2. Then p gives rise to a map 

f : Xi ^ X2 

defined by f{gxi) := p{g)x2, which is p-equivariant and totally geodesic. 
Lemma 2.15. The diagram 




I7 ■ 



^\X2) 



G2 



H^(G'2 




H^(G'i, . 



commutes. 



Proof. Let uj G VL^{X2)'^'^ . Using the points Xi G Xi and X2 = f{xi) G X2 in the 
construction of the cocycles we have 



C/*(<^) = c^o p. 
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□ 

Corollary 2.16. In the above situation the following are equivalent 

(1) The honiomorphisni p : Gi —>■ G2 is tight. 

(2) The totally geodesic map f : Xi ^ X2 is tight. 

Proof. By Lemma [2.151 we have that P*{k,%2) ~ '^^f*{i^x )' Thus, applying Propo- 
sition 12.101 we have that 

and 

from which the equivalence follows readily. □ 

From Corollary 12 . 1 61 and Proposition l2.12l we immediately deduce the following: 

Corollary 2.17. Let H, G be Lie groups of type (RH) with associated Hermit- 
ian symmetric spaces y and X , p : H ^ G a homomorphism and f : y X 
a p-equivariant totally geodesic map. Let 3^ = x ■ ■ ■ x be the decomposi- 
tion into irreducible factors and suppose that f*{LJx) = SILi ^^i^y^- ^-^^ totally 
geodesic map f : y X is tight if and only if = Yli=i l-^il ^^i- 

Before stating the next corollary let us recall the following 

Definition 2.18. (1) A maximal polydisk in X is the image of a totally geo- 
desic and holomorphic embedding t : D"^-* — > A* of a product of Poincare 
disks. 

(2) A diagonal disk in X is the image of the diagonal A(D) C under 
an embedding t : 3^-^ X oi as a maximal polydisk. In particular 
d := t o A : Bi X is a. totally geodesic and holomorphic embedding. 

Maximal polydisks arise as complexifications of maximal flats in X, and hence 
are conjugate under Gx- Moreover, with the normalization chosen in § 12.31 the 
embedding t : D^-*' X is isometric. In fact one can say more, as we have: 

Lemma 2.19. A metric on an Hermitian symmetric space X is normalized if and 
only if every maximal polydisk f : D''* X is isometrically embedded. 

Proof. If X is irreducible, it follows from the computation in [TOl p. 273-274], 
that the holomorphic sectional curvature is minimal at u G T^X if and only 
if the complex geodesic obtained by u is the image of a factor of a maximal 
polydisk t : D''-*' — > X. The general case for X not necessarily irreducible follows 
immediately. □ 



Lemma [2. 191 has the following useful consequence: 
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Corollary 2.20. Let y a X he a Hermitian subsymmetric space of the same 
rank as X. Then the restriction to y of the norniahzed metric on X is the 
normalized metric on y. 

Proof. Indeed, every maximal polydisk t : ^ 3^ in 3^ is a maximal polydisk 
in X. □ 

Definition 2.21. A Hermitian symmetric space X is said to be of tube type if X 
is biholomorphically equivalent to a tube domain of the form 

{v + iu\v e V , u e Vl] c V ® iV , 

where V is a real vector space and VL dV is a, proper open cone. 

Every Hermitian symmetric space X contains maximal (with respect to the 
inclusion) subdomains T of tube type (equal to X itself if X is of tube type) 
which are of the same rank as X, holomorphically embedded and conjugate under 
Gx- Moreover, the embedding T d X is always isometric (see Corollary 12.201) . 

Corollary 2.22. (1) Let f : y ^ X be a holomorphic and isometric em- 
bedding. Then f is tight if and only if Ty = ix- 

(2) Maximal polydisks t : X are tight. 

(3) Diagonal disks d : 3 ^ X are tight. 

(4) Maximal tube type subdomains T G X are tight. 

Proof. If f : y —>■ X is holomorphic and isometric, then f*{uJx) = ujy = 
Y17=i'^y<i' (-'-) follows from the fact that r^ = X^iLi^^i Proposition I2.12[ 

Then (2) and (4) follow at once from (1) since the embeddings t : X 
and T G X are holomorphic and isometric. 

To see (3), observe that since t is a holomorphic isometry, then t*{ux) = ujwx] 
moreover an easy verification shows that A*{u!v)':x) = ix^o- It follows then that 
d*{u!x) = T^x^o, so that the assertion follows from Proposition 12. 12[ □ 

Further examples of tight maps and tight homomorphisms will be discussed in 



3. Kahler Classes and the Shilov boundary 

In this section we collect the facts from the geometry of Hermitian symmet- 
ric spaces, some of which are of independent interest, needed for our purpose. 
Those concerning the geometry of triangles are due, in the context of irreducible 
domains, to Clerc and 0rsted [10]; we present also here the necessary - easy - 
extensions to general domains. 

Let X be an Hermitian symmetric space of noncompact type with a fixed 
G^-invariant complex structure J^. Fix a maximal compact subgroup K = 
StabG';t.(xo), where xq E X is some base point. Let g = t © p be the corre- 
sponding Cartan decomposition, where g = Lie(G';t') and 6 = Lie{K). There 
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exists a unique element Zj in the center of € such that ad(Zjr)|p induces the 
complex structure J under the identification p = T^^X. The complexification 
of Q splits into eigenspaces of a.d{Zj) as 

(3.1) 0c = ec©p+©p-. 

The Hermitian symmetric space X can be realized as a bounded symmetric 
domain 

Let us describe the structure of T> more explicitly. Let us fix f) C 6 a maximal 
Abelian subalgebra. Then C f) and f)c is a maximal Abelian subalgebra, 
indeed a Cartan subalgebra of Qc- The set \& = \E'(0C5 f)c) of roots of f)c in gc 
decomposes corresponding to the decomposition of Qc in (13.11) as 

here \E'' := {a G \E' | the root space C [}. One can choose an ordering = 
U \E'_ such that \E'P± C \&±. 
To every root a G ^ we associate a three dimensional simple subalgebra 

(3.2) 0[,] = CH^ © CE„ © CE_, , 

where Ha G he is the unique element determined by a(H) = 2 ;?/^'^\ for all 
G [)c and 05 is the Killing form on gc. The elements Ea, -E-q are the elements 
of g±a satisfying the relation [Ea, E^a] = Ha and T{Ea) = —E^a, where r is the 
complex conjugation of gc with respect to the compact real form gu = ® ^P- 
Then p+ = X]ae*''+ and the vectors Xa = Ea + E_a, = i{Ea — E^a), 
a G \E'''+, form a real basis of p. 

Two roots a, /5 G \E' are called strongly orthogonal if neither a + (3 nor a — f] 
is a root. By a theorem of Harish-Chandra there exists a maximal set A = 
{71, ■ ■ ■ ,7j.} C \E'''+ of r = rx) strongly orthogonal roots. The associated vectors 
X^. G p span a maximal Abelian subspace a of p over M. The bounded symmetric 
domain V admits the following description 

(3.3) V = I^Ad{k)Y^tanh{tj)E^^ : k e K,tj e C p+ ] 
moreover we call 

(3.4) Vo = !^Ad{k)Y^^tanh{tj)E^^ : k G exp([)),tj G r| C P 
the standard maximal polydisk and 



(3.5) Ao = <^ Ad(A;) ^tanh(i)E^^, : k G Z{K),t G M I C 
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the standard diagonal disk. With the exphcit description of V we define the 
(normahzed) Bergmann kernel 

kx, -.V xV ^ , 

by 

(3.6) kT>{z, w) = hx>{z, , 

where h-^lz, w) is the polarization of the unique i^T-invariant polynomial h on 
such that 

Vi=i / j=i 

The (normalized) Bergmann kernel is continuous on T>^ and gives rise to a Rie- 
mannian metric gv, called the (normalized) Bergmann metric on T>, which has 
minimal holomorphic sectional curvature —1: this holds in the irreducible case 
by [ini (1-2)] and follows for the general case by the naturality under product of 
the normalized metric. Let us observe that the Bergmann metric and the nor- 
malized Bergmann metric are equivalent: indeed for an irreducible domain they 
are proportional - the proportionality factor however depends on the domain, see 
[TUt (1.2)] for the precise value - and the Bergmann and normalized Bergmann 
metrics behave functorially with respect to taking products. 

The Kahler form given by 

cud = idd log kT){z, z) 
corresponds to under the isomorphism X ^ T>. 

Lemma 3.1. Let T> C be a bounded symmetric domain with Riemannian 
distance d-pl-,-). Then there exists a constant c = c{V) such that for all x,y &V 

dv{x,y) > c\\x - y\\eud , 
where \\ ■ \\euci denotes the Euclidean norm on . 

Proof. Using the observation above, it suffices to show the lemma for the distance 
coming from the Bergmann metric. 

Let bxi be this metric, then at every z &V we have 

(M.(-, ■) = (■, Ad/C(z,^)-i ■ >, 

where ( ■ , ■ ) is the Hermitian form on p_|_ coming from the Killing form and K, 
is the kernel function defined on an open subset of p+ x p_|_ with values in the 
complexification Kc of the maximal compact subgroup (for definition and details 
see [211 § 5.6 and Proposition 6.2]). 

We need now to estimate the eigenvalues of Ad]C{z,z). Writing z = Ad{k)zi 
and observing that 

Ad}C{z,z) =Ad{k) Ad}C{zi,zi)Ad{ky\ 
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we may assume that 

r-v 

i=i 

An explicit calculation (see e.g. [211 page 71]) shows that the eigenvalues of 
Ad/C(2;i, Zi) on the root space for a e ^1^^+ are given by 

(i-ie,r)(i-ie.r), 

(l-le.f), or 

(i-ie,r)(i + ie.P) + ie.r, 

where 1 < j ^ k < rx- In particular, since < < 1 every eigenvalue of 
Ad)C{z,z)~^ is greater than ^ and the claim follows. □ 

3.1. Shilov Boundary. We shall denote by the connected component of the 
group Aut(P) of holomorphic automorphisms of V. When P' C P is a Hermitian 
symmetric subspace, we shall denote by Ad' the subgroup of G-v of Hermitian 
type associated to V; in fact, A-^i' is the product of the noncompact connected 
almost simple factors of the reductive subgroup Mgt, (^') > where if C P is any 
subset, we define 

Afc^E) ■.= {geGv: g{E) = E]. 

The closure T) contains a unique closed Gx^-orbit which is the Shilov boundary 
Sx) of V] more precisely, the Shilov boundary Sxi is the Gx> orbit of the point 
Yl^j=i ^ij P+y where E^. are the root vectors associated to strongly orthogonal 
roots 7j G A (see ( 13. 2p ). and can hence be realized as G-p/Q, where Q is the 
stabilizer in of J2]=i ^jj ■ particular, if V is irreducible, then Q is a 
maximal parabolic subgroup in G-p. 

Lemma 3.2. (1) Let V = T>i x ■ ■ ■ x Vn be a decomposition into irreducible 
factors. Then the Shilov boundary St> ofV is the product Sd^ x ■ ■ ■ x Sx>„ 
of the Shilov boundaries of the irreducible factors. 

(2) If V is any maximal polydisk and A <Z V is any diagonal disk, then 
Sj\ c S'p c Sx>. 

(3) If V (I'D is a Hermitian symmetric subspace with ix>' = rx), then S-pi C 
Sv- 

Proof. (1) This first assertion follows from the characterization of Sd as the 
unique closed Gx)-orbit in V. 

(2) To see the second assertion observe that since all maximal polydisks (and 
their diagonal disks) are conjugate by G©, it suffices to show the assertion for 
the standard maximal polydisk Vq. First it is obvious that 5'ao C S'p,,. Then let 
A-p^ be the subgroup of Hermitian type of Gx> associated to Vq] clearly the vector 
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Yl]=i is contained in S-p^ and hence its A-p^-orbit is contained in its GD-orbit, 
which imphes that S-p^ C S-d and hence the second assertion. 

(3) Finally, let P C be a maximal polydisk and let Aj)/ be the subgroup of 
Hermitian type of G-d associated to V . Then V is maximal in D as well and hence, 
by (2), S-p C Sv'- This, together with the obvious inclusion Ax>'{Sp) C Gv{Sv) 
implies that Sv' C Sv- □ 

The relationship between the geodesic ray compactification V{oo) of X and 
the boundary &D of the domain T> is far from being simple. For example, a 
point in D{o6) does not uniquely determine one in &D\ this is however true if the 
endpoint of a geodesic ray lies in the Shilov boundary. In fact we have: 

Lemma 3.3. p!8l Theorem 9.11] Let z & S-r> be a point in the Shilov boundary of 
V and let rii,ri2 : [0, oo) V geodesic rays such that 

(1) limt^oo^iW = z, and 

(2) snpt^odv{vi{t),V2{t)) < oo. 
Then \imt^^r]2{t) = z. 

Sketch of the proof. We can assume that the bounded symmetric domain is irre- 
ducible and that z = eQ E S = Gd/Q. The geodesic rji converges to 2; G S' if and 
only if the stabilizer StabGj,(?7i) is a parabolic subgroup P which is contained 
in the maximal parabohc subgroup Q < Gx>. That sup^^Qdx>{rii(t),ri2(t)) < 00 
implies that Stahc-pirji) = StabGj,(?72) = P- Now P < Q and P cannot be 
contained in any other conjugate of Q, hence lim^^oo '?2(^) = z. □ 

We shall as usual say that a geodesic ray r : [0, 00) V is of type P, where P 
is a parabolic subgroup of Gx>, if the stabilizer of the point in V{oo) defined by 
r is P or, what amounts to the same, if 

P = < g E Gt> ■ sup dx)(gr{t),r{t)) < +00 > . 
I t>o J 

By way of example, we notice that the geodesic 

ro : [0, 00) ^ V 

^^■'^^ t ^tanh(t)E^^^ 

is of type Q; this is the geodesic contained in Aq connecting to J2^j=i tanh(t)£'^^^ 
in V. We should observe here that there are many geodesies connecting to 
X]j=i E^. in T>, and they need not be at finite distance from tq. A typical example 
is given by 

r 

t '^^ta.iah.{ajt)E^^ 
3=1 
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where < ai < • • ■ < a^. However we have the following: 

Proposition 3.4. For any x E V and z G Sd, there is a unique diagonal disk 
^x,z C T) with {x, z} C A^^z- Moreover, if r^^z denotes the unique geodesic ray in 
A^^z joining x to z, then r^^z is of type Qz := StabGj,(2;). Furthermore, for every 
Xi,X2 and z G Sx>, we have that 

supdv{r:,^,z{t),r^^^zit)) < +oo . 

Proof. Concerning the existence of such a disk, observe that the diagonal Gv- 
action on V x Sv is transitive; indeed Q acts transitively on T>. Thus we may 
assume that x = and z = ^^^^^ tanh(t)£^-y^.. But then Aq and ro (see (13.71) are 
the sought for objects. 

Let now for the moment r^^ denote the geodesic joining x to z inside A, where 
A is a diagonal disk. Let z E Sd, and consider x G A, x' G A' both diagonal 
disks with z G dA fl dA'. Then there is g E G-p with 

5((A) = A', gx = x', gz = z, 

that is g (z Qz- In particular 

(3.8) 9{rt)=^^i.- 

Let D = Pi X ■ ■ • X Vn be a decomposition into irreducible components and, 
accordingly, Gv = Gvi x ■•■ x Gd„, x = (xi,...,x„), x' = {x[, . . . ,x'n) and 
z = (zi, . . . , Zn)- Now if Pi : V ^ Vi denotes the projection on to the i-th 
factor, we observe that pi (r^^) is a ray with parametrization proportional to the 
arclength and of type Qzi ■ Since now Q^. is maximal parabolic, there is a unique 
geodesic ray r^' : [0, oo) Vi starting at Xj of type Qz^ and hence 

for some at > 0. Similarly, 

for some bi > 0. If now g = {gi, . . . , g^), according to (13.81) we have 

9i{rT{ait)) =rfikt), for alH > , 

which implies, since g is an isometry, that a, = bi for 1 < i < n. Finally, since 
9i ^ Qzi, we have that 

sup(ii,^(rf"(s),rf'(s)) < +oo 

and hence 

(3.9) supcii,(r^^(t),rf^'^(t)) < +CX). 

i>0 



TIGHT HOMOMORPHISMS AND HERMITIAN SYMMETRIC SPACES 23 

It remains to show the uniqueness assertion. For that, let A, A' be diagonal 
disks with a; G A fl A' and z E OA fl OA'. Because of (13.91) we have that 

for all t > 0. Thus the holomorphic disks A, A' contain a half line in common 
and hence coincide. □ 

3.2. The Bergmann Cocycle and Maximal Triples. Let us denote by V the 
closure of V in 

Definition 3.5. We define 

V^^^ ■.={{z,w) eVxV: hv{z,w) ^ O} 

[2] r 2 ~) 

V := ■l{z,w) : there exists some geodesic in V connecting z to w> . 

(2) 2 

Then V is a star shaped domain and is the maximal subset of V to which 



the Bergmann kernel kj) extends continuously. Moreover, expanding [TOl Propo- 
sition 4.1] to the nonirreducible case, we have that 



If 



— (2) 

argfc© : V 



is the continuous determination of the argument of kj) vanishing on the diagonal 
of V'^, then the integral J^^-^^^x can be expressed in terms of the arg/cx?- 

Proposition 3.6. [TU] Let A{x,y,z) c V be a smooth oriented triangle with 
geodesic sides and vertices x,y,z E V. Then 

/ ujd = -[argA;x)(x, y) + aigk^iy, z) + aigkv{z, x)] 

JA(x,y,z) 

— 3 

Define the following subsets of V : 

V^^^ := {{zi, Z2, zs) e : (zj, Zj) G X>^^^ for all i ^ j] 
X>'^' := {(^1, ^2, zz) G : {zi, Zj) G X>'^' for all i ^ j] 



Definition 3.7. The Bergmann cocycle 
is defined by 



Mx, y, z) := [argA;i,(a;, y) + aigk^iy, z) + aigkr^iz, x)] . 

ZTT 
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It is a Gp-invariant alternating continuous function, which satisfies the cocycle 

(3) 

identity dl3{zi, Z2, z^, z^) = whenever {zi,Zj,ziS) G V for all I < i,j,k < 4 
pairwise distinct. 

In terms of the decomposition V = Vi x ■ ■ ■ x T>n into irreducible factors, we 
have the following formulas for the above mentioned objects: 



(3.10) hx>{{zi,...,Zn),{wi,...,Wn)) = J]^ /i©, (^i , Wi) 

i=l 

(3.11) V^^^ = ^iz,w) e : {zi.Wi) e Vf\ 1 < i < n| 

(3.12) = |(;z,w) G : {z^,Wi) G vf\ 1 < z < n| 

(3.13) analogous formulas for V^^^ and "D'^' 



(3.14) (3j,{x,y,z) = ^(3vXxhyhZi) whenever {x,y,z) G V . 

i=l 

From fl3.14p and Theorem 12.81 we deduce that \Px>\ < ^ and clearly 

(3.15) f3v{x, y,z) = — if and only if (3v,{xi, Zi) = ^ for all 1 < z < n . 

[3] 

Theorem 3.8. Suppose that {x,y,z) G V is such that Px>{x,y,z) = then 

(1) the points x, y, z he on the Shilov boundary Sx>, and 

(2) there exists a unique diagonal disk d -.IDi —>■ V such that d{l) = x, d{i) = y, 
d{—l) = z. Moreover 

(i(D) C {p E V : p is fixed by Stahc^ix, y, 2;)} 

with equality if V is irreducible. 

(3) The group Gv acts transitively on the set 

{{x,y,z)eV^'^: Mx,y,z) = '-f] 
of maximal triples. 

Proof. All the above assertions are due to Clerc and 0rsted in the irreducible case, 
|10] . In the general case, the first assertion follows from (13.151) and Lemma [321(1) • 
In the second assertion, only the uniqueness needs to be verified, but this 
follows easily from the fact that a totally geodesic map D — >■ D is necessarily 
isometric. 

The last assertion follows immediately from (13.151) . fl3.13p and the irreducible 
case. □ 
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3.3. On Subdomains of Maximal Rank. The main goal of this section is to 
show that if T>', V" are subdomains of P of maximal rank, that is i-d = id' = r©", 
whose Shilov boundaries coincide, then V = V. We begin with the following 

Lemma 3.9. Let V a V he a subdomain of maximal rank. Then: 

(1) k-D' = kx>\v'; 

(2) ^'^^ = (P^)^np'^^; 

(3) f3v'{x,y,z) =(3'^\—i3]{x,y,z) for all {x,y,z) eV'^^\ 

Proof. (1) We observed already that the normalized Bergmann metric on T>' is 
the restriction of the normalized Bergmann metric on V (see Corollary I2.20p . 
thus the first assertion follows readily. 

(2) The second assertion is obvious. 

(3) To see the third assertion, observe first of all that if {x,y,z) G V^, then 
the equality follows from (1). Furthermore, continuity of the Bergmann cocycle 

and the fact that P'^ is dense in V complete the proof. □ 

Lemma 3.10. Let T>' a V he a suhdomain of maximal rank, A-xy the associated 
suhgroup of Hermitian type and f : 3 ^ V a diagonal embedding. Then 

where Zc^if) = {g & Gx> : gx = x for all x G /(lO)}. 

Proof. Let x := /(I), y := f{i) and z := /(—I), and pick g G Mc-oiSv')- We 
have that since {x,y,z) G S^] then {gx,gy,gz) G S^] and, using Lemma [3^91 (3) . 

_ = Pjy,{x,y,z) = pv{x,y,z) = Pv{gx,gy,gz) = pvigx, gy, gz) , 

which implies by Theorem 13. 8( 3) that there exists h G Ad/ with hx = gx, hy = gy, 
hz = gz and thus g G At>' ■ StabG-p{x,y, z). Since StabGT,{x,y, z) C ZGj,{f) (see 
Theorem 13.8( 2)). we obtain that J\fGT,{^v) C Ad' ■ ZGj,{f). 

Let now p G /(D) C V. Then AfGT,iSv') ■ P C A^ip) = V, and since 
MGr>{Sv') = Mg^{Sv')-Av', we obtain that Ug^{Sv')V' = V and hence MGr>{Sv') C 
AfGTy(T>'). The opposite inclusion is clear. □ 

Proposition 3.11. Let T>', T>" be subdomains ofD of maximal rank, and assume 
that Sv = Sd". Then V = V" . 

Proof. Let x,y,z E Sv' = Sx>" with [3x>{x,y,z) = Then 

(3v'{x,y,z) = ^-Y- and (3v"{x,y,z) = ^-^, 

and there are diagonal disks 

fv ■.B^V' and fv : 1 ^ 
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with 

fv'{i) =y = fv"{i) 
fj,,{-l)=z = h"{-l). 

Those are also diagonal disks in T> and hence by uniqueness we have /©' = fv, 
and in particular V fl V ^ 0. Pick now p (1 V and apply Lemma [3. 101 to 
obtain 

V = Afc^iSv) ■ P = UgXSv") ■p = V". 

□ 



4. Structure Theorem for Tight Embeddings, I 

The main objective in this section is to prove the following structure theorem. 

Theorem 4.1. Let if, G he Lie groups of Hermitian type, p : H G a continu- 
ous tight honioniorphisni and f : V ^ T> the corresponding p-equivariant tight 
totally geodesic map. Then f extends continuously to a p-equivariant map 

f : Sv' —>■ St> ■ 
Moreover the centralizer Zg[p{H)^ is compact. 

4.1. The Case of the Poincare Disk. We will first prove Theorem 14.11 in the 
case when P' = D is the Poincare disk. 

Proposition 4.2. Let L be a Gnite covering of PU(1, 1) and G a group of Her- 
mitian type. Let p : L ^ G a continuous tight homomorphism with finite kernel 
and / : D — ^ "D the corresponding totally geodesic tight embedding. Then 

(1) / extends continuously to a map 

f -.dB^dV, 

which is p-equivariant and has image C Sx>. 

(2) If X y in 83, then f{x) and f{y) are transverse. 

(3) The centralizer Zg{p{L)) is compact. 

Proof. Observe that since / is equivariant, there exists a constant c > such that 

dv{f{.x),f{y)) = cdo{x,y) . 

Next, let ri, r2 : — D be geodesic rays representing a given point ^ G dH) and 
a > such that limf^oo do(^ri(t),r2{t + a)) =0. Then 

hm dr,{f{r,it)),f{r2{t + a))) =0 
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and, by Lemma [3. ![ 



Iim||/(n(t))-/(r2(t + a))||_, = 



which shows that the geodesies t ^— f{ri{t)) and t ^— /(r2(t)) have the same 
endpoints in dT>. This produces a well defined and equivariant (continuous) 

extension / : &D of /. Observe that for all x 7^ ?/ in dD, (/(x), f{y)) G X''^^ 

since x, y and thus /(x), /(y) are joined by a geodesic. 

Now, for the (normalized) Kahler forms ujjy G fi^(P)*^ and cjd G f2^(D)^ we 
have since / is tight 

f*{ujT>) = eujo , 

where |e| = r©. Composing if necessary with an orientation reversing isometry of 
D we may assume e = rx>. 

This implies by integration over simplices with geodesic sides in D and conti- 
nuity of /, as well as of (3t> on V^^^ and of (3o on D^'^' that 

for all (x, y,z) eB) . 

Applying this to a positively oriented triple (x, y, z) we get 

/?(/»,/(?/),/») = Y 



and hence, by Theorem 13. 8[ /(x) G St>- This shows (1). The second assertion 



follows from the fact we already remarked that (/(x), /(y)) G P ii x ^ y. For 
the third assertion, let r] : R"*" — >■ D be a geodesic ray with lim^^oo = x. Then 
f{ri) is a geodesic ray in V converging to /(x). For g G Zg{p{L)) the geodesic 
ray g ■ firf) is at bounded distance from /(r^), hence Lemma [373] implies that 

In particular Zg{p{L)) C Stab^ [f (x) , f (y) , f (z)^ which by Theorem 13.81 (2) is 
compact. □ 

Corollary 4.3. Let H,G be groups of Herniiticiii type sind let {^^^ jl^Li G 
H^j^(i7, M) be the basis of 'H.l^{H,'R) corresponding to the decomposition y = 
3^1 X ■ ■ • X into irreducible factors of the symmetric space y associated to H . 
Let p : H ^ G be a tight homomorphism and assume that pI^q = ^"=1 ^iI^hv 
If H = Hi ■ ■ ■ Hn is the decomposition of H into connected almost simple groups 
where Hi corresponds to 3^j, then Aj = if and only if H^ is in the kernel of p. 

Proof. U f : y X is a tight p-equivariant map, then 

n 
i=l 
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where uy^i = p*{Ljy.). Assume that 7^ for 1 < z < ^ and A^+i = ■ ■ ■ = A„ = 0. 
For 1 < i < i define ti : 3 —>■ to be the embedding as a diagonal disk 
(Definition I2.18P composed with an isometry of D reversing the orientation in 
the case in which Ai < 0, and let pi : SU(1, 1) Isom(3^i)° be the associated 
homomorphism. Let bi G be a basepoint and define 

t:B-^ 3^1 X ■ • ■ X 

and 

TT : SU(1, 1) — > Isom(3^)° 

9 ^ (pi(^),---,pK^)>e, ...,e) . 
Taking into account that if is a finite extension of Isom(3^)°, let 

n: H 

be the lift of vr to a finite extension L of SU(1, 1). Then 

t* I K^y,i I = I I Ail r^;^ I = Tx^^o , 
where the last equality follows from the fact that / is tight (Corollary l2.17p . Thus 

is tight and equivariant with respect to the homomorphism 

p on : L G . 

Let now H = Hi Hn be the decomposition of H into connected almost simple 

groups, where Hi is a finite extension of Isom(3^j)°. In particular, for £+1 < j < n, 
Hj commutes with t^{L) and hence p{Hj) commutes with (po7f)(L) which implies 
that, for i + 1 < j < n, p{Hj) is contained in Zc[ptt{L)^ which is compact in 
virtue of Proposition I4.2[ and hence p{Hj) = e. 

The converse, namely that p{Hj) = e implies that Xj = is clear. □ 

4.2. Positivity. Let G be a group of type (RH). We shall use freely the notation 
from § 12. 3[ In this section we prove that the notion of tightness does not depend 
on the choice of the specific Kahler class Kq G }il^{G, M) which we used to define 
it but indeed it depends only on the choice of a G;f-invariant complex structure 
on X. In the case when X is irreducible this is immediate from H^|-,(G', M) = M /t^. 
In the general case however, one could have some "cancellations" coming from 
different factors, but we are going to set up conditions which will allow us some 
freedom to choose the Kahler classes according to the context. 

Let X - ■ - xXfihe the decomposition into irreducible factors. Then 

any choice of G^^-invariant complex structure J'x determines a Gxi-i^^duhant 
complex structure jT^f. on Xi and hence an orientation on B.l^{Gxi,^)- Conversely, 
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any choice of orientation on each H^^,(G'^., R) determines a complex structure on 
X. 

Definition 4.4. A bounded cohomology class a e H^jj(G,]R) is positive if 

n 
i=l 

with Hi > for all i = 1, • • • ,n and strictly positive if the /Xj > 0, for all i = 
l,...,n. 

The cone of positive Kdhler classes in H^^,(G', M) is denoted by H^j,(G', R)-° and 
the cone of strictly positive Kdhler classes by H^jj(G', 

Note that the cone H^^,(G, M.)-^ depends only on the complex structure J^. In 

fact H^|3(G', R)^° coincides with the set of bounded Kahler classes associated to 
any G-invariant Hcrmitian metric on X compatible with the complex structure 
J'; in particular wc have that /t^ G H^jj(G, 



Proposition 4.5. Let p : H ^ G be a homomorphism of a locally compact 
group H into a group G of type (RH). Tlien tlie following are equivalent: 

(1) p is tight; 

(2) p is a-tight for some a e iil^{G, R)>°; 

(3) p is a-tight for all a G B.l^{G, M)>°; 

(4) p is a-tight for all a e B.l^{G, M)^°. 

This is a consequence of the special Banach space structure of H^^,. 

Lemma 4.6. Let V be a Banach space. Let Vi E V, i — 1, . . . ,k, be vectors such 
that 



E 

1=1 



Then for every real numbers . . . , //n > 0, we have that 



i=l 



i=l 



Proof. In virtue of the Hahn-Banach theorem the norm of a vector w E V is 
given by 

= sup {|A(w)| : A : V ^ M is a linear form of norm l} . 

By hypothesis, if we fix e > 0, there exists A : 1/ ^ M a linear form of norm 1 
such that 



> 



E". 



E 
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From this and the fact that A(fj) < ||fj||, we must have that 

for alH = 1, . . . , n, and hence, if /ij > 0, 

fJ-iH^^i) > fJ'i\\vi\\ - fJ^i.e. 

But then 



i=l 



i=l 



i=l 



which, since e is arbitrary, shows the assertion. 



□ 



Proof of Proposition We start by showing that (1)^(4). We first verify that 
the vectors Vi := Pbl'^G «) satisfy the hypotheses of Lemma 14^61 We have that 



i=l 



IPb^cll — II'^gI 



where the last equahty follows from the fact that p is tight. Moreover, Lemma[221(4) 
implies that 



(4.1) 

and hence 



l"^*!! — IIPb('^G',i) II — ll'^G 



G,i\\ 1 



J^ll^ill =5^114, 



G\ 



1=1 



i=l 



Thus lEj'Li^ill = Sr=i ll'^dl' applying Lemma we get 



E* b 



i=l 



Ell * b I 



b I 
G,i\ 



1=1 



1=1 



i=l 



Thus p is a-tight. 

The implications (4)^(3)^(2) are obvious. 

Finally, to see that (2)^(1), let a = "^^=1 Kf^G,i strictly positive. Then 
setting Vi := AjK^^ and pi := p, the argument above implies that if p is a-tight 
then it is K^-tight. □ 

Definition 4.7. A homomorphism p : H ^ G oi groups of type (RH) is said to 
be positive if p^K^ e H^b(-^>^)"° and strictly positive if Pb'^c ^ H^j^(-f^7 
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The point of the next lemma is to provide a converse to Lemma 12.6( 4). for 
which we need the hypothesis of positivity. Remark that it will be essential that, 
with the norm on the continuous bounded cohomology, we have that if v^w are 
positive classes then ||f + w\\ = \\v\\ + \\w\\. 



Lemma 4.8. Let H,G be of type (RH) and let p : H —>■ G be a continuous 
honioniorphism. 
positive for alii = 1, . 

Proof. Since we have 



homoniorphism. With the notation in § 12.31 if pi := q o p : H ^ G is tight and 

n then p is tight and positive. 



4 = E'^G.eH2,(G,M) 



i=l 



then 



i=l 



Since {pi)ln\ positive for all i 
hypothesis that 



n, pI,Kq is positive; this, and the 



allow us to deduce that 



I * b I 



IK" 

i=l 



Il(p.)b4jl = ll4jl 



EIK/'^)b4ll = Eii'^ 



i=l 



□ 



Lemma 4.9. Let H, G be Lie groups of type (RH), L a locally compact group, p : 
L H a tight homomorphism, and ip : H ^ G a positive tight honiomorphism. 
Then ip o p : L G is a tight homomorphism. 



Proof. If ip is positive, V'b'^G' ^ ^chi-^y M)-°. By Proposition 14.51 if the homomor- 
phism p is tight, it is also ipKn^ytight and Lemma 1^31 concludes the prooL □ 



Lemma 4.10. Let H, G be Lie groups of Hermitian type with associated symmet- 
ric spaces y and X with complex structures Jy and Jx- Suppose that p : H ^ G 
is a tight homomorphism and f : y ^ X is the corresponding tight map. Then 
there exists a complex structure J' on y such that p is tight and positive with 
respect to J' . If moreover kerp is finite, then this structure is unique. 



Proof. Since p is tight, we have ^ pl,f^ £ . 



So, if y is irreducible, 
then p : H ^ G is either positive with respect to J'y or with respect to — J7y. 

In the case when 3^ is not irreducible, let 3^ = x ■ ■ ■ x y„ be the decomposition 
into irreducible factors, and J7i the complex structure on induced by Jjy. We 
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have 



Ph 



i=l 



Set J'l = eiJ'i, where = sign(/ij) and let J'' be the complex structure on y which 
induces the complex structure J'l on 3^j. Let k'^ ^ = sign(/ij)/t^ • G H^jj(if, M) be 
the basis vectors of H^jj(i/, M) corresponding to J''. Then 

n 
i=l 

SO p is positive with respect to JT"' and tight. In case kerp is finite we have that 
fii ^ for all 1 < 2 < n (Corollary 14.31) and hence J^' is unique. □ 

Proof of Theorem \4.1\ Let T>' and V be the bounded domain realizations respec- 
tively of 3^ and X. Let f : V —>■ T> he a p-equivariant totally geodesic tight map. 
Because of Lemma 14.101 we may assume that / is positive. For every x &T>' and 
z G Sx)', let Ax^z C V be the unique diagonal disk given by Proposition 13.41 and 



: © ^ 

the unique totally geodesic map with 

dx,z{^) = X and d^,z{l) = z . 

Then fod^^z '-^ T> is tight (Lemma 14. 9p and hence, by Proposition 14. 2l extends 
to 



We set 

Uz) := (7^)(1) = lim /(r,,.(t)) . 
If now x' is another point in T>, we have that 

supdv'{rx,z{'t),rx',z{'t)) < +oo 
t>o 

and, since / is totally geodesic, also 

supdc (/(r^,2(t)),/(r^',2(t))) < +00. 

Since fx{z) G Sx>, we deduce, by (13. Sp . that fx'{z) = fx{z); thus the extension 
/ : Sx)' Sj) is independent of x and hence p-equi variant. □ 
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5. Tight Embeddings and Tube Type Domains 

Let X he a. Hermitian symmetric space and T> its bounded symmetric domain 
realization. We will use the concepts and notations from § [31 

The real vectors X^. G p associated to the strongly orthogonal roots 7j G A, 
j = 1, . . . , r, (see § 13.11) give rise to the Cayley element 

c = exp ^ eGc = exp(gc) . 

Remark 5.1. The Cayley element defines the Cayley transformation p+ D I? ^ 
7i C p+, which sends P to a Siegel domain H, which, if X is of tube type, (see 
Definition I2.18P is a tube domain of the form V (B i^- 

The automorphism Ad(c) of 0c is of order 4 if A" is of tube type and of order 
8 if A" is not of tube type. When X is not of tube type Ad(c)^ is an involution 
of Qc which preserves q and commutes with the Cartan involution of g = 6 © p 
(see e.g. [TBI Theorem 4.9]). 

We denote by C g the fix points of Ad(c)'* in g and let gr = © Pt be its 
Cartan decomposition. Then the corresponding Hermitian symmetric space Xx 
is of tube type. Furthermore Xt is isometrically and holomorphically embedded 
into X, the rank of Xt equals the rank of X and as a bounded symmetric domain 
Xt is realized as 

VT = Vnp^, 

where pj are the fixed points of Ad(c)^ in p+. 

Note that the maximal standard polydisk Vo is contained in Vt (see f l3.4p ). 
hence also J2]=i ^ C Sx). Moreover for the polynomial hj) which is 
related to the Bergmann kernel by Equation (13. 6p we have 

This implies in particular that = V'^^'' fl (pj)^ and (3^)^ = (3v\ ^g^- 

Lemma 5.2. Vt is a maximal (with respect to inclusion) subdomain of tube type 
in V. 

5.1. The Shilov boundary and Tube Type Domains. It is well known that 
the structure of the Shilov boundary Sti detects whether V is of tube type or 
not, see for example |16l Theorem 4.9]. Similarly the behavior of the restriction 
of the Bergmann cocycle to the Shilov boundary detects whether V is of tube 
type or not when "D is irreducible. In the general case we have: 

Proposition 5.3. [H Corollary 3.10] Let 

5(3) := {(^1, Z2, zs) G : {z,, Zj) G S^'^ for all i ^ 3] 
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the space of triples of pairwise transverse points in S. Then S^^^ C V and the 
Bergmann cocycle Px> is well defined and continuous on S^'^^ . Furthermore, 

(1) IfV is of tube type, then 



(2) If V is irreducible and not of tube type, then 



Important for our later considerations is the relation between transverse pairs 
in the Shilov boundary and maximal subdomains of tube type. 
If (x, y) G S^^ we define 

iSv).,y ■■= {zeSv ■■ {z,x) G S^'\ {z,y) G S^'^} 

to be the set of points z E S which are transverse to x and to y. This is an 
open and dense set in S*©. In the following we shall denote by -Ea, 

where, as in § El A refers to the set {71, . . . , 7^} of strongly orthogonal roots. The 
following lemma is crucial and follows immediately from the case in which T) is 
irreducible, which was proven by Clerc and 0rsted as the first step in the proof 
of Theorem 4.7 in [TOl. 



r^ 
2 



Lemma 5.4. [TO] Let z E Sxi be transverse to Ep^ and — -Ea with 

\(3v{z,Ea,-Ea) 
Then z G Sdj, ■ 

If (x, y) G and V CV is a subdomain of Hermitian type, we define 

(5.1) M^JV) := {z G (^pO.,, ■ \/3v'iz,E,,-Ej,)\ = . 
From the above lemma we now deduce: 

Proposition 5.5. With the above notation we have that: 

(5.2) ME,,-E,m = Me,,-eA1^t) 
and Sdj. is the real Zariski closure in Sv of ME^-EAiJ^)- 



Proof. Equation (15. 2p follows from Lemma 15.41 and the fact that (3t>\ 



(S-Dj,) 



(3) 



Since Vt is of tube type, then Me^-Ea{.'^t) is a nonempty open subset of Sdt, 
and hence (15. 2p implies that the Zariski closure of Me^-Ea{.'^) is Sti^ □ 
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" (2) 

Proposition 5.6. Let V be a Hermitian symmethc space and {x,y) G Sj^ be 
a pair of transverse points in its Shilov boundary. Then there exists a unique 
maximal subdomain T^y G X of tube type with x,y & ^T^y- Moreover St^ ^ is 
the real Zariski closure in S-p of Mx y{T>). 

Proof. Observe that (E'a, —EtC) are in Sdj. and Vt is a maximal subdomain of 

" (2) 

tube type. Moreover, since Gv acts transitively on 5*^ , we obtain the existence 
statement for every pair (x, ?/) G S'^\ 

Concerning uniqueness, we may assume, again by transitivity of the Gx>-action 

- ('2') 

on ^25, that {x,y) = {E^, —E\). Let thus V <Z Vhe a, maximal subdomain of 
tube type with (i^A, —E^) G S*^/. Since id = t^v, we have that Pv \ / . \ (s) = Pv 

and hence 

which implies, upon taking the real Zariski closure and using Proposition [531 that 
Sv' C Svt- On the other hand dimX>' = dimX>T, which, since V and Vt are 
of tube type, implies that dim5x)/ = dimS'xjj, and, together with the previously 
established inclusion, that Sv' = S-Vj.', this then implies by Proposition 13.111 that 
V = Vt. □ 

Remark 5.7. One could prove the uniqueness in Proposition 15.61 also by con- 
sidering the Lie algebra of the stabilizer of {E\,—Ej^) G but for us the 
characterization of St^^ obtained as a byproduct of the proof is essential. 

Let Tx be the space of maximal tube type subdomains in X. Then, since 
all maximal subdomains of tube type are conjugate, 7^ is a homogeneous space 
under Gx- The map 

0(2) _^ 

provided by Proposition 15.61 is a G;v'-equivariant map between G^^'-homogeneous 
spaces and hence is real analytic. 

5.2. Structure Theorem for Tight Embeddings, II. 

Theorem 5.8. Let H,G be Lie groups of Hermitian type with associated sym- 
metric spaces y and X . Let p : H G be a continuous tight homomorphism 
and f : y ^ X the induced p-equivariant tight map. Then: 

(1) If y is of tube type, then there exists a unique maximal tube type sub- 
domain T <Z X such that f{y) C T and p{H) preserves T. 

(2) If p has finite kernel and X is of tube type, then y is of tube type. 

We shall need the following 
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Lemma 5.9. Under the assumption of Theorem \5.8\ let f : Sy be the 

(continuous) equivariant map given by Theorem 14. Jl and let 

n 
i=l 

Then for all (x, z) G S^^\ we have 

n 
i=l 

In particular, if f is moreover positive and Py{x, y,z) = then 

(34f{x)J{y)J{z)) = 'f. 

Proof. Let G Vy and ro,a;,'"o,y and ro,^ be the geodesic rays given by Proposi- 
tion 13. 4( then we know that 

(5.3) /»= hm/(ro,,(t)), 

and analogously for y and z. Writing x = (xi, . . . , Xn) and y and z in coordinates, 
we have 



J A[ro.^{t),ro.y{t),ro,^(t)) 
n 

i=l 

and by using (15.31) and the fact that the normalized Bergmann cocycles extend 
continuously to Sy^ and we conclude the first claim. 

Assume now that / is positive; then if /3y{x, y, z) = then Py^^i, yi, z.i) = ^ 
and hence 



/?^(/»,/(2/),/»)=E^^f = f ' 

i=l 

where the last equality follows from Corollary 12. 1 71 and the fact that / is positive, 
that is Aj > 0. □ 

Proof. By changing complex structure on y we may assume that / is positive 
(Lemma I4.10p . Let {Sy)x be the set of points in 3^ transverse to x so that 
{Sy)x^y = {Sy)x n {Sy)y, and let us consider the set M^^yiy) defined in fl5.ll) . Let 
f : Sy ^ Sx the equivariant extension of / given by Theorem 14. 1[ Since / is 
tight and positive, we have that for every z G M^^yiy) 

\(3x{f{x\f{y\f{z))\=^- 
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see Lemma 15.91) , and hence 



by Proposition 15.51 and thus, 



by the uniqueness statement in Proposition 15.61 

Let Tx be the conjugacy class of maximal tube type domains seen as a G- 
homogeneous space and hence as a real analytic variety. The map 

(5.4) {Sy\-^ Tx 

is real analytic and constant on the subset M^^yiy^ C {Sy)^^ but since 3^ is 
of tube type, M^^yiy^ is open, {Sy)x is connected and hence the map (15. 4p is 
constant on {Sy)x- 

Let now {x\^y^ and (x2,?/2) be arbitrary elements in [Syf-'^^ and choose z G 
{Sy)xx,xi- Then we have 

which shows that the map 

is constant and hence its constant value T C A" is p(iJ)-invariant. We deduce 
also, since f(x) G St., , that f(Sy) C St- 

Now, by Theorem 14.11 we know that the centralizer of p(-ff) < G in G is 
compact; this implies that, given any maximal compact subgroup K < H, there 
is a unique point xk G X which is p(fC)-fixed. Since p{H) leaves T invariant, 
this implies that xk & T and hence that f{y) C T. 

For the second statement, observe that if X is of tube type, then takes on 
finitely many values; since p has finite kernel, this implies that Aj 7^ for all 
1 < i < n and hence each f3y^ takes on finitely many values on Sy , and this, 
together with Proposition 15.31 implies that is of tube type. □ 



6. Extensions to Groups of Type (RH) 

Here we indicate the argument extending Theorems 14.11 and 15.81 to Lie groups 
of type (RH). The study of tight homomorphisms of groups of type (RH) can be 
reduced to the study of homomorphisms of groups of Hermitian type. In fact. 
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let Gi, G2 be groups of type (RH) and let p : Gi ^ G2 be a continuous homo- 
morphism. We have the inclusion p{Gi^nc) C. G'2,nc and hence the commutative 
diagram 

Gi *- G2 



Gij 



G 



2,nc 



hence = (p)b('^G2|^^ 

equalities 



From this and Corollary 12.31 we deduce the 



) 



and 



from which it follows that p is tight if and only of p\^_^ is tight. 

From this and Theorems 14.11 and 15.81 we readily deduce the following: 

Theorem 6.1. Let H,G be Lie groups of type (RH), p : H ^ G a continuous 
tight homomorphism and f : T>' ^ T> the corresponding p-equivariant tight 
totally geodesic map. Then f extends continuously to a p-equivariant map 

f : S-p' — > S-p . 
Moreover the centralizer Zg{p{H)) is compact. 

Theorem 6.2. Let H, G be Lie groups of type (RH) with associated symmetric 
spaces y and X. Let p : H ^ G be a continuous tight homomorphism and 
f -.y ^ X the induced p-equivariant tight map. Then: 

(1) If y is of tube type, then there exists a unique maximal tube type sub- 
domain T d X such that f{y) C T and p{H) preserves T. 

(2) If p has compact kernel and X is of tube type, then y is of tube type. 



7. Structure Theorem for Tight Homomorphisms 

In this section we prove the main structure theorem for tight homomorphisms. 

Theorem 7.1. Let L be a locally compact group, G a connected algebraic group 
defined over M such that G = G(M)° is of type (RH), and p : L ^ G a continuous 
tight homomorphism. Then: 

(1) The Zariski closure H := p(L) is reductive. 

(2) The centralizer Zg{H) of H := p{L) (M)° is compact. 

(3) The group H is of type (RH) and the symmetric space y corresponding 
to H is Hermitian. 

(4) There is a unique complex structure on y such that the embedding H ^ G 
is tight and positive. 
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Proof. Set H := p{L) (]R)°. Then the inclusion if — > G is tight. Let 

H = H'' -R 

be the decomposition of H, where R is the amenable radical and H'^^ is a semisim- 
ple connected Lie group with finite center and no compact factors. Then it follows 
from Corollary 12.31 that the inclusion H^^ — > G is tight. Let 

TJSS TT TT 

be the decomposition of if'^* into almost simple factors, and let Hi, Hi, I < n 
be the almost simple factors of H^^ for which the restriction K^lui ^ ^chi-^i^^) 
is nonzero. Then 

11, > II _ ||> I II _ \^ II > I II 

2=1 

and the inclusion 

Hi ... Hi ^ Gnc 

is tight. Let X be the symmetric space associated to Gnc-, the symmetric 
space associated to Hi, 1 < i < I and 3^i x ■ ■ ■ x ^ A" the corresponding tight 
embedding. 

Then, by Theorem 14.11 the centralizer Zg„^{Hi . . . Hi) is compact, which im- 
plies first that £ = n, that is Zq^^{H^^) is compact and hence that Zg{H) is 
compact. Now, it H were not reductive, it would be contained in a proper par- 
abolic subgroup of G and hence Zg{H^^) would be noncompact. Hence H is 
reductive and, since Zg{H''^) is compact and x . . . is Hermitian symmetric, 
the group H is of type (RH). 

Finally, (4) follows from Lemma [4.101 □ 

From Theorem 17.11 we can now deduce the following 

Theorem 7.2. Let T be a countable discrete group with probability measure 
9 and let G be a semisimple real algebraic group such that G := G(]R)° is of 
type (RH). If {B, v) is a Poisson boundary for (T, 6) and p : V G is a tight 
homomorphism, then there exists a p-equivariant measurable map 

if: B Sx ■ 

Proof. Let H be the Zariski closure of piT). By Theorem 17.11 the symmetric 
space y associated to H := H(]R)° is Hermitian symmetric and we fix a complex 
structure such that the embedding y X is tight and positive. Theorem 14.11 
gives the existence of a p-equivariant map / between the corresponding Shilov 
boundaries 



(7.1) 



f : Sy ^ Sx 
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Let Qh < H be a maximal parabolic subgroup defined over M such that Sy = 
H(M)/Qi^(]R), and let < Qh be a minimal parabolic subgroup defined over 
M contained in Qh, so that we have an equivariant map 

(7.2) H(R)/Pj^(R) ^ H(M)/Qh(M) = Sy . 

Since p : T H has Zariski dense image [71 Theorem 4.7] implies the existence 
of a p-equivariant measurable boundary map 

^o-.B^ H(M)/Ph(M) 

which composed with the maps in (17.11) and (17. 2p provides the p-equivariant map 



8. A Criterion for Tightness 

To get a simple criterion when a totally geodesic embedding is tight let us 
recall the relation between totally geodesic embeddings and Lie algebra homo- 
morphisms. 

Let Gi, G2 be connected semisimple Lie groups with finite center and no com- 
pact factors and X\^Xi be the corresponding symmetric spaces. Fix two base 
points Xj G Xj, j = 1, 2, and let Qj = ij Q)pj be the corresponding Cartan decom- 
positions of Qj = Lie{Gj). Then every totally geodesic embedding f : Xi ^ X2 
with f{xi) = X2 induces a Lie algebra homomorphism p : Qi ^ Q2 which re- 
spects the Cartan decompositions. Conversely any Lie algebra homomorphism 
P : 01 02 respecting the Cartan decompositions gives rise to a totally geodesic 
embedding f : Xi ^ X2 with /(xi) = X2. 

Let X he a. Hermitian symmetric space with a fixed complex structure and 
let Zj^ G Z{t) be the element in the center of t such that a.d{Zj^)\^ induces the 
complex structure J^x on T^gX = p. The restriction of the Killing form OS on g 
to 6 is a negative definite symmetric bilinear form. Let 

i = RZj^ © RZj^ 

be the orthogonal decomposition of 6 with respect to ^\^. We identify MZj^ 
with M by sending Zj^ to i. Then the orthogonal projection onto RZj^ defines 
a homomorphism ^Zj^ ^ Hom(6, iM). 

To relate tightness of a totally geodesic embedding with properties of the cor- 
responding Lie algebra homomorphism we make use of the isomorphism 

(8.1) Hom(t, iR) n^Xf"" ^IhiGx, K) , 

where the first map associates to a homomorphism A G Hom(t, iM.) the unique 
G^f -invariant differential form on X whose value at Xq is 

M,,iX,Y) :=^A([X,F]), 
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for X,Yep^T.,,X. 

Let Xi,X2 be two Hermitian symmetric spaces with complex structures J'xj 
given by Zj = Zj^^ G j = 1,2. Let f : Xi X2 he a. totally geodesic 

embedding, /(xi) = X2, and p : 0i — > fl2 the corresponding Lie algebra homo- 
morphism. Let D be the Poincare disk and Zo G so(2) C s[(2,R) the element 
which induces the standard complex structure on D. Let c/j : D — Xj, j = 1,2 
be diagonal disks with dj{0) = xj and pj : s[(2,M) — > Qj the corresponding Lie 
algebra homomorphisms. 

Lemma 8.1. The embedding j : X^—^ X2 is tight and positive if and only if 

-^Z2(p(pi(^d))) = Xz2{p2iZo)) . 

Proof. We start by showing that since the embedding di : 3 ^ Xi is tight and 
positive, then f : Xi ^ X2 is tight and positive if and only iih := f odi : D — > 
is tight and positive. In fact, let Xi = X\^\ x ■ ■ ■ x X\^n be the decomposition of 
X into irreducible subspaces and let 

n 
i=l 

Then 

n n 

h*{ujx2) = Xidl{uJxi,i) = Ai r^ti,. t^D , 

i=l i=l 

where the last inequality follows from the fact that di is tight and positive. If h 
is tight and positive, then 

so that 

n 

(8.2) 5^A,r;,,^, =r^, . 

i=l 

Since / is norm decreasing then 

n 

|Aj| ta-i,, < , 

i=l 

which together with (18.21) implies that / is positive and, by Corollary 12. 171 tight. 

Let ux^;,^ G Q'^{X2)'^^ be the differential form corresponding to A^a- Then, since 
Jl2(D)PSL(2,R) ^ jg Qj^g dimensional 

, * , Az.(p(pi(^d))) ^, 

' - A.,(p2(Ze)) • 

But since 1^2 is tight and positive, h is tight and positive if and only if the 
proportionality constant is equal to 1. □ 
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Lemma [8?T] gives a criterion for tightness which takes on a particular nice form 
when X2 is of tube type. Recall from Proposition 3.12.] that a Hermitian 
symmetric space X2 is of tube type if and only if there exists a diagonal disk 
(i2 : D — >■ A2 such that the corresponding Lie algebra homomorphism satisfies 

Corollary 8.2. Let X^^X^ be Hermitian symmetric spaces of tube type. A 
totally geodesic embedding f : Xi ^ X2 is tight and positive if and only if the 
corresponding Lie algebra homomorphism p : Qi ^ Q2 satisfies 

Az,(M^i)) = l. 

Proof. Since Xi,X2 are of tube type, we can choose the tight holomorphic disks 
dj : D — >■ A'j , j = 1 , 2 such that the corresponding Lie algebra homomorphisms 
Pj : s[(2,M) Qj satisfy Pj{Zo) = Zj. Then (p2(2']d)) = Az2(^2) = 1 and 
Lemma [8.11 implies the claim. □ 

Let us compare this criterion for tightness with the characterization of Lie alge- 
bra homomorphisms corresponding to holomorphic totally geodesic embeddings. 

Definition 8.3. [21J A homomorphism p : gi ^ 02 is said to be of type 

(HI) if ad(p(Zi)) = ad(Z2). 
(H2) ifp(Zi) =Z2. 

(H2') if p is (HI) and the induced holomorphic totally geodesic map Pi —>■ V2 
maps the Shilov boundary of T>i into the Shilov boundary of T>2. 

Lie algebra homomorphisms of type (HI) are in one-to-one correspondence 
with holomorphic totally geodesic embeddings X\^ X2. 
With these definitions, Theorem 14.11 implies: 

Corollary 8.4. Assume that f : Xi —>■ X2 is a holomorphic tight embedding. 
Then the corresponding Lie algebra homomorphism p : Qi —>■ Q2 is an (H2') 
homomorphism. 

Corollary 18.21 together with [211 Proposition 10.12] implies the following 

Corollary 8.5. Suppose Xi,X2 are Hermitian symmetric spaces of tube type. 
Then f : Xi ^ X2 is a tight and holomorphic embedding if and only if the corre- 
sponding homomorphism of Lie algebras p : fli — *■ 02 is an {H.2)- homomorphism. 

Remark 8.6. When Qi, Q2 are not of tube type, the property of being an (H2)-Lie 
algebra homomorphism does not imply tightness: for su(l,n) = Aut{V,h) the 
representations of su(l,n) on A^{V) preserving the Hermitian form induced by 
h are always (H2) [211 page 188], but we will see below that they are tight only 
for k = 1. 
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8.1. Examples. 

Example 8.7. By Corollary 18.51 (H2) Lie algebra homomorphisms give examples 
of diagonal embeddings if the Hermitian symmetric spaces are of tube type. All 
(H2) Lie algebra homomorphisms were classified by Satake [20] and Ihara [HKTS]. 

If we are actually interested in the existence of tight homomorphism of Lie 
groups of Hermitian type the problem becomes more complicated since the Lie 
algebra homomorphism might only lift to a Lie group homomorphism of a finite 
cover of the adjoint Lie group. Satake showed in [20] (see also [21], Ch. IV]) that 
some of the those (H2) Lie algebra homomorphism lift to Lie group homomor- 
phisms, for example 

r: SU(n,n) ^ Sp(4n,M) 
r: S0*(4n) ^ Sp(8n,M) 

r : Spin(2,'ri) Sp(2m, R), where m depends on n mod 8 , 
are tight homomorphisms. 

Example 8.8. An important and interesting tight embedding that is not holo- 
morphic is the embedding of the Poincare disk into the Siegel upper half space 
obtained from the 2n-dimensional irreducible representation s[(2, M) —>■ sp{2n, M). 

Proposition 8.9. The homomorphism p : s[(2,]R) sp{2n,R) given by the 
2n-dimensional irreducible representation of sl(2,R) is tight. 

Proof. Let Z2 and be generators of the center of the maximal compact Lie 
subalgebras in 5l(2,M) and sp(2n,M) respectively. Let A be the homomorphism 
Hom(62n; i^) given by the orthogonal projection onto M ■ Z2n- Then we have to 
determine X{p{Z2)). 

Let V = ^2n-i[x, y] be the vector space of homogeneous polynomials of degree 
2n — l in two variables x, y, with a basis is given by [Pq, . . . Pm), ^ = 2n — 1, where 
Pk{x,y) = x"^~^y^. The 2n-dimensional irreducible representation of sl(2,]R) is 

given by the following action: Let X = ^ E s[(2,M), then 

p(X)Pfc(x, y) = a{m - 2k)Pk + h{m - k)Pk+i + ckPk-i . 

This action preserves the skew symmetric bilinear form (., .) on V , defined by 
(PkjPi) = (— 1)'^('^^') Sm^k,i and gives rise to the irreducible representation 

p : s[(2,M) ^ sp(2n,M) , 

into the Lie algebra of the symplectic group Sp(l^, ( . , . )). The map J defined by 
JPk = (— l)'^Pm_fc gives a complex structure on V and the element in the center 
of C sp(2n,]R) which induces the complex structure on p2„ C sp(2n,M) via 
the adjoint action is Z2n = \J ■ 
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The image of the element 

isgivenbyp(Z2)Pjfc = l{{k-m)Pk+i+kPk-i). Decomposing ^(^2) = X{p{Z2))Z2n 
mod Z2n, we get 

^2nP(^2) = mod Z^^ . 

Since tr(Z2„Z^) = 0, we have that tr(Z2„p(^2)) = ^dim(V"). Now Z2nP{Z2)Pk — 
^(^—l^k+i 1^^^ _ /j)p^_^_^ _ kPm-k+i] ■ Thus the diagonal terms are 

^(-l)"(2n-l-n+l) for = and for A; = n . 

Hence 

n 1 

|tr(Z2„p(Z2))| = - = -dim(y) = |tr(Z2„Z2„)| , 

and |A| = 1. □ 
Example 8.10. 

Proposition 8.11. The irreducible representation p : su(l,2) 5u(2,4) is not 
tight. 

Proof. Let be a 3-dimcnsional complex vector space with Hcrmitian form of 
signature (1,2). The irreducible representation p : su(l,2) — >• su(2,4) is the 
representation given by the action of su(l, 2) on Sym^(V^) with the induced Her- 
mitian form. Let ^5^(2,4) be the generator of the center of the maximal compact 
subalgebra on 5u(2, 4) and .^su{2,2) the generator of the center of the maximal 
compact subalgebra of the tightly embedded subalgebra su(2, 2) C su(2, 4). Then 
tT{Zsu(2,4)Zsu{2,2)) = —1, SO the representation p : su(l,2) —>■ su(2,4) is tight if 
and only if |tr(Zsu(2,4)p(.^su(i,i)))| = 1, where ^su(i,i) is a generator of the center 
of the maximal compact subalgebra of su(l, 1) C su(l, 2). A direct computation 
shows that \tr{Zsu{2,4)P{Zsu{i,i))) \ — ^, thus p is not tight. □ 

Example 8.12. Considering a complex vector space Vc of dimension (1 + n) 
with a Hermitian form of signature (l.n) as real vector space Vk of dimension 
(2 + n) with a quadratic form of signature (2, n) provides a natural embedding 
SU(1, n) — > S0(2, 2n). The corresponding embedding — ^^2,2^ is holomorphic 
but it is not tight. Since Ti^ is of rank one, the totally geodesic embedding extends 
continuously to a map of the boundary of 7i^, but its image does not lie in the 
Shilov boundary of ^'2,2™- 

Example 8.13. In SL(4, R) there are two copies of Sp(4, R) 
Sp(4,M)^ := {geSL{4,R)\g*Jg = J} 
Sp(4, R)b := {g e SL(4, M) | g*Jg = J} , 
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where ^7 = ( and ~ (^^/^ q^^ with A = , which are conju- 

gate by s = ( ^ ) . The two embeddings 2a,b : SL(2, M) ^ SL(4, M) 



a b\\ _ (aid bid 
c d) J ~ ydd did 

a b\\ _ fald bA 
c dj j ~ [ cA did 



are also conjugate by s. The images of SL(2, M) under these two embeddings are 
contained in Sp(4, M)a H Sp(4, M) b- The embedding is tight and positive with 
respect to Sp(4, IR)^ but totally real with respect to Sp(4, M)^- 

The boundary 83 of D is mapped under both embeddings into the Shilov 
boundaries Sa respectively Sb- The totally real embedding extends to an em- 
bedding of SL(2, C) whereas the tight embedding extend to an embedding of 
SO(2,2) into Sp(4,R) . 



9. Classification of Tight Embeddings of the Poincare Disk 

In this section we classify all tight embeddings f : Bi ^ X, where X is any 
Hermitian symmetric space. 

Definition 9.1. Let X he a. Hermitian symmetric space of noncompact type. 
Let V G X he a. subset. The Hermitian hullTilV) of V is the smallest Hermitian 
symmetric subspace HiV) C X, such that V C 'HiV). 

If Xi, X2 are Hermitian symmetric spaces and f : Xi —>■ X2 is a. totally geodesic 
embedding, we denote by 7i(/) = 7i(/(A'i)) the Hermitian hull of f{Xi) C X2. 

Remark 9.2. We make some observations. 

(1) Let Xi he irreducible, then f : Xi ^ X2 is (anti)-holomorphic if and only 
if^(/) = /TO. 

(2) li f : Xi^ X2 is tight, then f : Xi ^ n{f) is tight and n{f) -> X2 is 
tight and holomorphic. 

(3) li f : Xi ^ X2 is tight, then 7-^(/) is of tube type if and only if Xi is of 
tube type (Theorem 15. 8p . 

Proposition 9.3. Let Xi,X2 be Hermitian symmetric spaces of tube type and 
f : Xi X2 a tight embedding with corresponding Lie algebra homomorphism 
P • 01 ~^ 02- Let 7Y(/) C X2 be the Hermitian hull and f) C 52 the Lie subalgebra 
corresponding to the subgroup of Hermitian type G'n(f) determined by 7Y(/). 

Then i) is the subalgebra generated by p{gi) and Z2, where Z2 G ^2 is the 
element defining the complex structure on X2. 
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Proof. The Hermitian symmetric space 7i(/) is of tube type and the embedding 
7i(/) X2 is tight and holomorphic, therefore the corresponding Lie algebra ho- 
momorphism is an (H2) homomorphism (Lemma 18.51) . In particular, the element 
Z(, in the center of the maximal compact subalgebra of f) defining the complex 
structure on equals Z^. Thus (p(0i),Z2) C f), and equality follows from 

the minimality of 7i(/). □ 

Proposition 19.31 allows us to define in the above context (Afi and of tube 
type) the Hermitian hull of the Lie algebra homomorphism p : 0i ^ 02 as 

n{p) :=(p(0i),Z2>. 

Remark 9.4. A similar characterization of the Hermitian hull is not true if X is 
not of tube type. Consider for example the canonical embedding of su(p, p) 
su{p,q). It is holomorphic and tight, but the central element Zp^g of the maxi- 
mal compact Lie algebra defining the complex structure on the symmetric space 
associated to SU(p, q) is not contained in su{p,p) if p ^ q. 

Lemma 9.5. Let X be an irreducible Hermitian symmetric space and f : 3 ^ X a 
tight embedding with corresponding Lie algebra homomorphism p : sl{2, M) — > q. 

If T-C{p) = Q, then q = sp{2n,M.) and p : s[(2,M) g is the 2n-dimensional 
irreducible representation. 

Proof. Since D is of tube type, 7i(p) = Q implies that necessarily X is of tube 
type. Thus Proposition 19.31 gives that g = (p(s[(2, M)), Zj^^.^^^. Let Qc be the 
complexification of g and pc : s[(2, C) Qc the complexification of p, then 
0c = (pc(sl(2,C)),Z^,>^. 

By tightness Zj^ cannot lie in the centralizer of p(sl(2, M)) in g and so Zj^ can- 
not lie in the centralizer of pc{3i{2, C)) in Qc- Hence the centralizer Zg^ (pc((5t(2, C))) 
is trivial. 

This means that pc(s[(2, C)) is a semiprincipal three-dimensional simple sub- 
algebra of flc- Semiprincipal subalgebras were classified by Dynkin, and we refer 
the reader to [121 [23] for more details. Using the classification by Dynkin (see 
[121123]), we consider all possible cases of semiprincipal three-dimensional simple 
subalgebras in which are complexifications of three-dimensional simple subal- 
gebras of the specific real form g of gc- This case by case study gives the following 
result: 

(1) When g = sp(2?7,,M), gc = sp{2n,C) the semiprincipal subalgebra f) 
is given by the image of the irreducible representation of sl{2, C) 
5p(2n, C), hence p : sl(2,M) — > 5p(2n, M) is the irreducible representa- 
tion. 

(2) When g = su{n,n), gc = s[(2n, C) the semiprincipal subalgebra is also 
given by the irreducible representation of s[(2, C), which in dimension 2n 
is always contained in sp(2n, C). Thus we have H{p) = (p(s[(2, M)), Zg) = 
sp(2n, M) C su(n, n). 
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(3) When q = 3o{2, 2n — 1), Qc = so{2n + 1, C) the semiprincipal subalgebra 
f) is the image of the irreducible representation of s[(2,C). But any real 
irreducible representation of s[(2, M) into so(2, 2n — 1) is contained either 
in so(2, 3) ^ sp(4, M) or so(2, 1) = sp(2, M). 

(4) In the remaining cases q = so{2, 2n),so*{2n) or tyii there are no semiprin- 
cipal three dimensional subalgebras in gc which are complexifications of 
a real three dimensional simple subalgebra in g. 

Summarizing we get the result: g = sp{2n, M) and p : s[(2, M) ^ g is given by 
the irreducible representation of sl(2, M). □ 

Corollary 9.6. Let f : 3 —>■ X be a positive tight embedding with correspond- 
ing Lie algebra homomorphisni p : s[(2, M) ^ g. Then 

H(p) = ©ti5p(2ni,M) eg 

with ^*Li TT-i < r;t^ and pi : 51(2, M) sp(2r2j,]R) being the irreducible represen- 
tation, and 

n{f) =y,x---xy,, 

where is a symmetric space associated to Sp(2nj, M). 

Proof. The subalgebra Ti.{p) is a semisimple Lie algebra of Hermitian type, so 
7i(p) = where all simple factors fjj are of tube type. The representations 

Pi : s[(2,M) — > t)i correspond again to tight embeddings with i)i = H{pi). Hence 
Lemma [9.51 implies the claim. □ 

Appendix A. 

A.l. The Norm of the Bounded Kahler Class. We give here a proof of the 
following 

Theorem A.l. Let M be a connected simple Lie group with finite center and 
assume that its associated symmetric space M. is Hermitian. Let k\j e H^|^(M, M) 
be the continuous bounded class given by the Kahler form associated to the 
Hermitian metric of holomorphic sectional curvature -1. Then 



\K 



Mil 

Since kJ^ is defined by the cocycle c^j^ which, according to Theorem 12.81 is 
bounded by the inequahty 

\\k^ II < ^ 
II'^mII ^ 2 

follows. Observe that the opposite inequality cannot be immediately deduced 
from the statement that 

lie II =^ 
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since the norm is the infimum of the supremum norms over all bounded 

cocycles on Ai representing k^. 

We shall proceed as follows: let : D — be a diagonal disk (see Defini- 
tion I2.18P and p : L ^ M the corresponding homomorphism, where L is some 
finite covering of SU(1, 1). Then 

and hence it follows from Lemma [2.151 that 

Pb(4/) =rAi 4- 

Since the puUback in continuous bounded cohomology is norm decreasing, we 
have 

II'^mII > IIPb(4f)ll =r^ II^^lII, 

and it suffices to determine the values of Thus the theorem will follow from 

the following: 

Proposition A. 2. With the above notation we have that 




Proof. Let e : (5D)^ {—1,0,1} be the orientation cocycle on the circle 9D. 
we use the fact that the space of L-invariant alternating bounded measurable 
cocycles on is isometrically isomorphic to H^jj(L,R) and that, under this 
isomorphism, e corresponds to 2k\, [15J. Thus, since ||e||oo = 1, we deduce that 
11411=1- □ 
A. 2. Surjection onto Lattices. 

Proposition A. 3. Let T be a countable discrete group, G a Lie group of Her- 
mitian type and p : T ^ G a homomorphism such that the image p(r) is Zariski 
dense and the action of T on the Shilov boundary of the associated symmetric 
space is minimal. Then p is tight. 

The proof of this proposition relies on functoriality properties of bounded co- 
homology. We use that the bounded continuous cohomology H^(L,R) in degree 
two of a locally compact group L can be realized isometrically as the space 
ZL'^^(^B^,'R^^ of L-invariant bounded alternating L°° cocycles on any space 
{B, v) on which the L-action is amenable and mixing. In particular if G is a 
group of Hermitian type, then 

(A.l) H^(G,R)-ZL-((G/P)^M)^, 

where P < G is a minimal parabolic subgroup. Likewise, we use that if F is the 
countable discrete group with a probability measure 9 then a Poisson boundary 
(5, v) for (r, 9) always exists and then 

^l{T,M) = ZL^,,[B\m.f . 
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For more details and proofs of the precise functoriality properties we refer the 
reader to [U § 4] and to the references therein. 

Proof. We reahze the Shilov boundary of the bounded domain reahzation V of 
the symmetric space associated to G as S* = G/Q. We fix a minimal parabolic 
subgroup P < Q < G and denote by pr : G/P — > G/Q the canonical projection. 
If /5d : 5^ ^ M is the normalized Bergmann cocycle, then pr*/3x) : {G/ PY — > M is 

a cocycle in ((G/P)^M) representing the class G H2j,(G,M). It follows 
from f[0|) that 

IIk^II = esssup^^_^2_^3gG/pPr*/?©(a;i,a;2,X3) . 

Since the image of p is Zariski dense, there exists a p-equivariant measurable 
boundary map ip : {B,u) — > G/P [H Theorem 4.7], and moreover (y9*pr*/?-p rep- 
resents Pb'^G [7, Proposition 4.6]. 

The essential image of pr o ^9 : (B,!/) —>■ G/Q is defined as the support of the 
push- forward measure (pr o and is hence a closed p(r)-invariant subset 

which, by minimality of the F-action, must be equal to G/Q. But then this 
implies that 

^^^^^Pxi,X2,X3&G/P \pT*(3Ty{xi,X2,X3) \ = CSS SUPfe^^b^^^ggG/P |pr*/5© (</?(&l), </?(&2), '/'(^s)) 

and hence 

II'^gII — llPh'^cll • 

□ 

From the above proposition we obtain immediately the following 

Corollary A. 4. Let T be a countable discrete group, G a Lie group of Hermitian 
type and p : F — G a honiomorphisni. If p(F) contains a lattice A < G, then p 
is tight. 

Corollary A. 5. Let Mod^ be the mapping class group of a closed oriented 
surface of genus g. Then the natural honiomorphisni p : Mod^ — »• Sp(2(7,R) is 
tight. In particular if G B.l^{Sp{2g, M)) is the bounded Kahler class associated 
to the normalized Kahler form, then the norm of Pb/^c ^ H^(Modg,]R) is |. 

Proof. The natural homomorphism p : Mod^ —>■ Sp{2g, M) surjects onto Sp{2g, Z), 
so llPb^cll ~ II'^gII "which equals | by Theorem lA.ll □ 
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